In this work we have investigated how the much studied scattering processes in vacuum at the lowest-order, viz. electron-muon (e-µ) scattering in both s-and t-channel, Bhabha scattering, and Møller scattering, have been modified in the presence of a strong magnetic field (|eB| >> m 2 , m is the mass of electron or muon). For that purpose, we have first calculated the square of the matrix element by summing over the spin states, using the spinors in the presence of a strong magnetic field and then obtain the crosssection by integrating over the available phase space for the final states and averaging over the initial states. The first noticeable observation in the spin-summed of the matrix element squared is that the interference term between s-and t-channel and t-and u-channel in Bhabha and Møller scattering, respectively are missing in the presence of strong magnetic field. We have found that in the presence of strong magnetic field, the crosssection of e − e + → µ − µ + annihilation process in the lowest order decreases inversely proportional to the fourth power of the center-of-mass energy ( √ s), compared to the inversely proportional to the square of center-of-mass energy in vacuum alone. Like in vacuum, the crosssection for e-µ scattering in t channel, i.e. for e − µ − → e − µ − process, even in a strong magnetic field too diverges but the finite part decreases with √ s much faster than in vacuum alone. Similarly the crosssections for both Bhabha and Møller scattering at the lowest-order diverges in the infrared limit. However, the finite term decreases with √ s much faster than the vacuum alone. In addition there is finite negative contribution, which is independent of √ s and decreases with the magnetic field.
Introduction
The relativistic heavy-ion collider (RHIC) at the Brookhaven National Laboratory, USA, with the center-of-mass energy, √ s= 200 GeV per nucleon in Au -Au collisions and the large hadron collider (LHC) at the European Organization for Nuclear Research, Geneva, with √ s = 2.76 TeV per nucleon in Pb-Pb collisions may have produced intensely strong magnetic field at very early stages of collisions, when the event is off-central [1, 2, 3, 4, 5] . Depending on the centralities, the strength of the magnetic field may reach between m 2 π (≃ 10 18 Gauss) at RHIC [6] to 15 m 2 π at LHC [7] . At extreme cases it may reach values of 50 m 2 π at LHC. A very strong magnetic field (∼ 10 23 Gauss) may have existed in the early universe during the electroweak phase transition due to the gradients in Higgs field [8] or at the core of magnetars [9] .
Thus we are motivated in this work to study the different processes in electron-muon and electron-electron scattering in the lowest order in the presence of strong magnetic field. However, the above processes in the lowest as well as higher order are well studied theoretically in vacuum [10, 11, 12] with the solutions of Dirac equation in vacuum, i.e. with the free Dirac spinors for positive and negative energy and their corresponding completeness relation. However, the scenario in the presence of strong magnetic field is different because the form of the Dirac spinors are going to change, where, apart from the momentum dependence, the spinors also depend on the spatial coordinates due to the gauge used to solve the Dirac equation in magnetic field. As a result, the completeness relations are also going to change. For the sake of simplicity we assume the magnetic field to be uniform and stationary. Moreover the strength of the magnetic field is strong enough so that only the lowest Landau level is sufficient for the calculation of the matrix element and the crosssection.
This paper is divided into following sections. We first nomenclature the four-momentum,
Mandelstam variables, magnetic Mandelstam variables, suitable for the description in a strong magnetic field and then revisit the Dirac equation in a strong and homogeneous magnetic field in section 2.1 and 2.2, respectively. Using those notations, we calculate the spin-summed matrix element squared for the electron-muon scattering s-channel (annihilation process) and t-channel, Bhabha scattering and Møller scattering in sections 2.3-2.5, respectively. In section 3, we first revisit for the formula for calculating the crosssection by constructing the Lorentz invariant phase space, flux factor, energy-momentum conserving Dirac-Delta function etc. in the presence of strong magnetic field and then using the the matrix elements for the above processes from the above sections 2.3-2.5, the corresponding crosssections have been evaluated in sections 3.1-3.4, respectively. Finally we conclude our results and discussion in section 4.
Electron-Electron and Electron-Muon Scattering in Strong Magnetic field
Our aim in this section is to calculate the square of matrix element for the electron-muon scattering in both s-and t-channel, Bhabha scattering, and Møller scattering in a strong homogeneous magnetic field. For the sake of simplicity we work in the extreme relativistic limit, where we neglect the masses of electrons as well as muons. In the presence of magnetic field the form of spinor and hence the form of electron propagator is changed but the form of photon propagator remains the same. So first we are going to revisit the Dirac equation in the strong magnetic field to obtain the form of positive energy and negative energy spinors and their completeness relations.
Notations
The dynamics of an electron in a magnetic field is factorized into transverse and longitudinal plane with respect to the direction of magnetic field, as a result its momentum (p) is separated into perpendicular and longitudinal components with respect to the direction of magnetic field (say, z-direction). Hence the dispersion relation is modified quantum mechanically into
In a strong magnetic field (|eB| >> m 2 ), electrons prefer to lie in the lowest Landau level, hence the electron momentum becomes purely longitudinal [13] , i.e p ⊥ ≈ 0. The aforesaid observation motivates to construct the following kinematic variables, viz. momentum, Mandelstam variables etc. which will be advantageous to express matrix element squared, crosssection etc. in a strong magnetic field. Thus using the following convention of the metric tensor 
we will first denote the four-momentum for a generic Feynman diagram in Figure 1 ,
therefore the usual Mandelstam variables take the following form:
We define some new variables
Mandelstam variables, which are defined as
Although the form of the magnetic Mandelstam variables (or the half-tilde Mandelstam variables, where one momentum is tilde) are same as the Mandelstam variables but they are completely different from them. In the extreme relativistic limit, they satisfy the following relations among themselves
Furthermore we use other notations for the full-tilde Mandelstam variables, which are defined as
We can directly relate the full-tilde Mandelstam variables to the Mandelstam variables as
Dirac Spinors in a strong magnetic field
The methods of Ritus eigenfunction [14] along with the Schwinger Proper-time formalism [15] are commonly used to solved the Dirac equation of charged fermions in the presence of a constant magnetic field. There are different ways which have been adopted in the literature [16, 17, 18 ] to obtain the spinor in a magnetic field, however, we have mainly adopted to solve the Dirac equation in a constant external field from Ref. [19] .
For the sake of simplicity, we assume a static and homogeneous magnetic field, which is along the z-direction, B = Bẑ. Such a magnetic field can be obtained from a vector potential A µ = (0, 0, Bx, 0). The choice of vector potential is not unique as the same magnetic field can also be obtained from a symmetric potential given by A µ = (0, 
Similarly the negative energy Dirac spinors with ξ (= √ eB y + px eB
) are given by [20, 19] 
where the normalization constant (N) is N = √ E n + m and the symbol, p \ y denotes the absence of the y-component of momentum in the spinors. The energy eigenvalues are given by the above Landau quantization (1), where n denotes the Landau levels and the energy eigenfunctions, I n (ξ)
are expressed in terms of Hermite polynomials, H n (ξ)
with the properties: I −1 (ξ) = 0 and I 2 0 (ξ) = 1. As mentioned earlier, in a strong magnetic field, only the lowest Landau level (n=0) is populated.
We can now calculate the spin sums for the particles (P U ) and anti-particles (P V ) in the presence of external magnetic field as [20, 19] 
where
and m is the mass of electron.
Matrix element for electron-muon scattering at the lowest-order
There are two different processes for electron-muon scattering, viz
represented by s and t-channel diagrams, respectively. We will first evaluate the matrix element (M) for the s-channel diagram and calculate the |M| 2 by summing over the spin states.
Finally we calculate the same for the t-channel process.
s-Channel Process:
The electron-muon scattering in s-channel represents the e − e + → µ − µ + process by the following Feynman diagram at the lowest-order in Figure 2 . where U and U denote the Dirac spinors for Figure 2 : s-channel the incoming and the outgoing fermions, respectively whereas V and V in Figure 2 represent the spinors for the outgoing and the incoming anti-fermions, respectively. Therefore the invariant amplitude for the e − e + → µ − µ + process at the lowest-order is given by the matrix element,
We will now calculate the square of the matrix element, |M s | 2 and then sum over the spinstates. It is convenient and easy to solve if we separately write the spin sums for electron and
where the L µν e and L muon µν are given by
respectively.
Using the properties of gamma matrices, like
and the cyclic property of trace, we further simplify L µν e as
The above spin-sums, P V and P U for the positron and the electron [20, 19] in strong magnetic field (i.e. for the lowest Landau levels, n = 0) can be calculated as
Thus, after calculating the traces 3 , the tensor at the electron vertex is simplified into
In a similar way the tensor at the muon vertex is also calculated as
However in the extreme relativistic limit, where the mass terms could be neglected, the above squared matrix element (28) becomes simplified and is given by the short-hand notation
where T µν , R µν , T µν , R µν are defined by
Thus the products are calculated as
Thus after substituting the products, the matrix element squared (37) for the electron-muon scattering for s-channel becomes
Using the notations for the Mandelstam and magnetic Mandelstam variables mentioned in equations (6)- (8) and (9)- (14), respectively, the above matrix element squared becomes
For the sake of completeness, the e-µ scattering in s-channel, i. 
t-Channel Process:
The electron-muon scattering in the t-channel, i.e. e − µ − → e − µ − process in the lowest-order is represented by the following Feynman diagram in Figure 3 . We will now evaluate the matrix element for it as
As we know that the e-µ scattering in s-channel, i.e. e − e + → µ − µ + process is related to the e-µ scattering in t-channel, i.e. e − µ − → e − µ − process by the crossing symmetry. This facilitates us to obtain the spin-summed squared matrix element for the t-channel directly from the e-µ scattering in s-channel in following way.
As mentioned earlier, in the strong magnetic field (along the z-direction), the spinors do not have the spatial y dependence and the perpendicular component of momentum (p ⊥ ) becomes vanishingly small. Therefore the matrix element in s-channel (27) can be rewritten as
Now if we interchange the momentum k with −P due to the crossing symmetry, the above matrix element becomes
Using the Feynman-Stückelberg interpretation, where by reversing the direction of momentum (say, p) in the spinors, V (−p) becomes U (p) and U (−p) becomes V (p), the above s-channel matrix element gives the desired t-channel matrix element
Therefore the spin-summed matrix element squared for the t-channel diagram ( Figure 3 ) is easily derived as
which, in turn, will be expressed in terms of the Mandelstam variables from the s-channel expression (47) by interchanging s with t, u k with u P , s k with t P , and s P with t k and is given by
However, the above squared-matrix element in vacuum is [12] 
Matrix Element for Bhabha
e − e + e + Figure 4 : s-channel
e + e +
Figure 5: t-channel
where the s-and t-channel contributions to the matrix element in a strong magnetic field are given
respectively. Hence the total matrix element squared becomes
Similar to the electron-muon scattering in the s-channel (46), we can now directly write the spinsummed squared matrix element of the Bhabha scattering for the s-channel in extreme relativistic
which in terms of Mandelstam and Magnetic Mandelstam variables can be written as
The contribution for the Bhabha scattering in t-channel can be obtained in extreme relativistic limit, in analogy with e-µ scattering for t-channel in (53),
which can be expressed in terms of Mandelstam variables as
The interference term is given by
However, in the strong magnetic field limit, all the spatial (y) dependence of the Dirac spinors are gone and also the p ⊥ is zero, so the above interference term is rewritten as
which becomes, after summing over the spin states
Using the property of γ-matrices γ µ / a / b/ cγ µ = −2/ c / b/ a, the above interference term can be further simplified in terms of Mandelstam and the magnetic Mandelstam variables 4 and finally we find that it vanishes,
Finally using the Mandelstam and magnetic Mandelstam variables, the matrix element squared for the Bhabha scattering is obtained by the s-(61) and t-channel (63) contributions only in a strong magnetic field
The above crucial observation in a strong magnetic field can be understood as follows: In vacuum, Bhabha scattering in s channel gives the forward peak whereas in t-channel it gives the backward peak. In the presence of strong magnetic field, the dynamics of the electron is restricted to one dimension so the interference of two peaks in vacuum may not be feasible in the presence of strong magnetic field.
However, in vacuum, the interference term does not vanish, thus the above matrix element squared for Bhabha scattering in the absence of strong magnetic field is given by [ 
e − e − Figure 6 : t-channel 
As we know already, in strong magnetic field, the interchange of momenta due to the crossing symmetry is effectively translated in terms of their longitudinal component only. Thus the momentum exchange between k and K in (70)- (71) helps to obtain the matrix element for the Møller scattering in u and t-channel by identifying the same for the Bhabha scattering in s-and t-channels (57)-(58), respectively.
The above interchange of momenta can be equivalently expressed in terms of the Mandelstam and magnetic Mandelstam variables as
Therefore the above crossing symmetry (72)- (75) helps us to obtain the squared matrix element for the Møller scattering from the Bhabha scattering (68), namely
where the u and t-channel matrix element squared are given by
respectively. However, the above matrix element in vacuum can also be calculated as [12] 
Crosssection
Let us illustrate the usual procedure to compute the crosssection from the transition amplitude for the above mentioned processes in the presence of strong magnetic field. For that we choose a generic e − µ − → e − µ − process in Figure 8 , for which we will calculate the transition amplitude.
The solution of the Dirac equation for the e − in an external magnetic field in the z-direction is given by [20, 19] 
where U is the e − spinor in the presence of an external magnetic field, n labels the Landau levels, 
Therefore the matrix element is given by
where the main problem arises that M now becomes a function of y in the presence of an external magnetic field, hence we can not take it outside the integration. We circumvent this issue by taking the strong magnetic field limit, where all the y dependence in M is gone. The transition matrix element, in the strong magnetic field becomes
and the transition rate per unit volume is given by
Therefore using the definition of crosssection
(number of final states), the crossection is given by
All the particles A,B,C and D are real particles so they must satisfy the on-shell mass condition, which in the strong magnetic field becomes p 2 = m 2 [13] with p µ = (E, 0, 0, p z ). This gives the
To calculate the unpolarized crosssection, we need to average over the quantum states of incoming particles and sum over the final states, therefore we replace the above matrix element squared
where s A and s B are the spin of incoming particles. We have already summed over the particle states in the matrix element squared, denoted as |M| 2 , so we just need to divide |M| 2 by the degeneracy factor, 4, to get the desired crosssection.
Now we have all the ingredients to compute the crosssection for the aforesaid processes with the corresponding matrix element squared.
3.1 Electron-Muon scattering in s channel: Annihilation Process (e
With the help of (86) the crosssection for the electron-muon scattering in s-channel (e − e + → µ − µ + ) in Figure 2 with the matrix element (47) is
In the center-of-mass (cm) frame, p + k = 0, this also implies, p \ y + k \ y = 0. Thus then crosssection becomes
In the presence of magnetic field, the momentum integration gets factorized into parallel and perpendicular components with respect to the direction of magnetic field (z-direction), where the integral over d 2 P ⊥ in strong magnetic field limit becomes (
Thus the total crosssection is obtained by integrating over the parallel component of momentum(P z )
In a strong magnetic field limit (eB >> m 2 ; n = 0), the perpendicular component (⊥) of the momentum is zero [13] so the particles can only move in z direction. They can either move in +ve z direction or in −ve z direction. Accordingly the four momentum dot product can be written as
In extreme relativistic limit we can neglect the dot product where the momenta are in the same direction compared to them in opposite direction. The diagram for the process in the center-ofmass frame (for θ = 0 degree, where θ is the angle between p and P ) is drawn in the Figure 9 .
For our case θ (scattering angle) can have two values 0 and 180 degree, for θ = 0 the t variables in eq (47) are negligible as compared to all u variables whereas for θ = 180 the u variables are negligible as compared to all t variables. Thus the squared matrix element eq (47) at high energy for θ = 0 degree gets simplified
and for θ = 180 degree, it becomes
Let us denote |p| = |k| = p i and |P | = |K| = p f so E p and E k become the same (say, E i )
whereas E P and E K become equal (say, E f ). As a consequence the square of the matrix element for θ = 0 degree comes out to be same as for the θ = 180 degree. Hence 
Using the expression of the flux factor F and the squared matrix element |M s | 2 , the crosssection (90) can be rewritten as
With the further approximation: p f ≈ E f and p i ≈ E i , the crosssection for the e-µ scattering in s-channel 5 , i.e. for the annihilation process (e − e + → µ − µ + ) in the lowest order takes the final form as a function of the center-of-mass energy
The approximations, p f ≈ E f and p i ≈ E i only hold good at extremely high energies, where the masses (order of MeV) can be neglected.
5 Detailed calculation of crosssection for the process e − e + → µ − µ + is given in Appendix C For the sake of comparison, the crosssection for the same in vacuum in the lowest order is [12] 
One thus immediately infer that in the presence of strong magnetic field, the crosssection is inversely proportional to the fourth power of the center-of-mass energy while in the absence of magnetic field, σ B=0 is inversely proportional to the square of the center-of-mass energy.
To see the effect of strong magnetic field on the annihilation process, we have plotted a variation of the crosssection with the center-of-mass energy in the presence and absence of magnetic field in Fig-10 , where M is the mass of muon. From the above graph, it is evident that the strong magnetic field suppresses the scattering, which can be understood by the fact that the availability of phase space in the presence of magnetic field is reduced drastically. Moreover we have also found that for a fixed center-of-mass energy, as we increase the magnetic field, σ increases linearly.
Electron-Muon scattering in t channel:
The crosssection for the electron-muon scattering in t channel, i.e. for the e − µ − → e − µ − process diverges at t = 0, since the matrix element in t-channel diagram has a pole at t = 0. Let us now examine below how the pole t = 0 translates into the momentum variable in the final state. The
Mandelstam variables, t and u for the Figure 3 are defined as
where we denote the momenta |p| and |k| by p i and the momenta |P |, |K| by p f .
As mentioned earlier, in the strong magnetic field limit, electrons occupy only the lowest Landau levels (n = 0), so the lower limit of the transverse momentum becomes vanishing small, i.e. P ⊥ ∼ 0. Therefore, the momentum, p f (=|P| = P 2 ⊥ + P 2 z ) simply becomes P z , hence the pole t = 0 appears. Therefore, using the matrix element for e-µ scattering for t-channel (54) as well a lower cut-off, ǫ B to the transverse momentum, P ⊥ the crosssection (86) looks as
with the notations:
Thus after integrating the momentum integrations over dP ⊥ and dP z , the crosssection for the e − µ − → e − µ − process in the lowest order is
which implies a divergence in ǫ B → 0 limit.
For the sake of comparison, we calculate the same crosssection in the extreme relativistic limit in the absence of strong magnetic field using matrix element from (55) for the e-µ scattering in the t-channel
This also shows a divergence in the lower limit of ǫ V , i.e. ǫ V → 0, which, in turn, arises due to the lower limit of scattering angle (between p and P) as
However, the above divergences in the presence and the absence of strong magnetic field are related to each other and we can geometrically derive 7 an equation using the fact that P ⊥ = P z tan θ, which is 1
6 Calculated in Appendix D 7 Calculated at the end of Appendix D Hence, the above relation helps us to compare the crosssection in vacuum with the crosssection in the presence of magnetic field
One thus finds that the logarithmic divergence in vacuum disappears due to the presence of external magnetic field and apart from that in magnetic field there is an another finite term which is independent of s but decreases with the increasing magnetic field. 
respectively. Therefore the total crosssection (107) for the Bhabha scattering yields
To isolate the effect of strong magnetic field, we have also calculated the same at the lowest-order in vacuum only using the matrix element from (69), where the interference term is nonzero unlike the former case and is given by
Again using the relation (105), we can write the above crosssection in terms of the parameter (ǫ B ) in the presence of strong magnetic field, which causes the divergence
If we leave the divergent part and compare only with the finite part then we find that apart from a constant magnetic field dependent term, the crosssection in vacuum at the lowest order decreases with the center-of-mass energy ( √ s) slower than the same in the presence of strong magnetic field.
However, the presence of strong magnetic field does not alter the degree of divergence.
Møller Scattering:
The crosssection for the Møller scattering at the lowest order can be obtained from its matrix element (78), which is factorizable into u and t-channel contributions due to the vanishing interference term. The crosssection for the t-channel matrix element in extreme relativistic limit is same as the crosssection for electron-muon scattering (102) in t-channel (e − µ − → e − µ − ) process.
So we are left with the crosssection due to the u-channel and can be calculated from its matrix element (77) in a strong magnetic field
In the above integral, the matrix element has a pole at u = 0, which could be translated in terms of momentum variable as follows: In the presence of strong magnetic field, the lower limit of the transverse momentum (P ⊥ ) becomes vanishingly small. As a result, the momentum, P (= P 2 ⊥ + P 2 z ) comes out to be ±P z , which give rise t = 0 and u = 0 poles, defined in (99) and (100), respectively and can be circumvented by taking a lower cut-off to the lower limit of transverse momentum (P ⊥ ) integration.
As an artifact of the above observation, the u-channel matrix element squared in Møller scattering (77) in the momentum interval, P z ∈ (−∞, 0] is mapped into t-channel matrix element (78) in the momentum interval P z ∈ [0, ∞) and vice versa
As a consequence the crosssections from both channels come out to be same except for the fact that in t-channel, the crosssection peaks at the forward angle (θ = 0) while the u-channel peaks at θ = 180. Thus the crosssection for the (e − e − → e − e − ) scattering in the lowest-order is obtained by doubling the crosssection in t channel (102)
The crosssection for the Møller scattering in vacuum in the lowest order using the matrix element from (79) can be easily calculated as
which can be compared with the result in a strong magnetic field by replacing ǫ V in terms of ǫ B through the relation (105)
Like other processes the s-dependence in vacuum is being modified due to the presence of strong magnetic field whereas the diverging component in vacuum (
) becomes halved due to the magnetic field.
Results and Discussions
We have revisited the lepton-lepton scattering at the lowest order in an additional presence of strong magnetic field. The recent observations at the ultra relativistic heavy ion collisions at Relativistic Heavy-ion Collider and Large Hadron Collider, where a very strong magnetic field up to 10 18 -10 20 Gauss is expected to be produced for the noncentral events, motivates us to revisit the above processes in a strong magnetic field. In particular, we have calculated the crosssection for electron-muon (e-µ) scattering in both s-and t-channel, Bhabha scattering, and Møller scattering in the presence of a strong magnetic field (|eB| >> m 2 , m is the mass of electron or muon). For that purpose, using the Dirac spinor in strong magnetic field, we have first calculated the square of the matrix element and then summed over the final spin states. We have found that unlike in vacuum, the interference term in Bhabha scattering between s-and t-channel and in Møller scattering between t-and u-channel contribution in the presence of strong magnetic field vanishes.
Secondly we have illustrated the usual procedure to compute the crosssection from the transition amplitude for the above mentioned processes in the presence of strong magnetic field. We have noticed that the e-µ scattering in s-channel, i.e. e − e + → µ − µ + process gets suppressed due to the presence of strong magnetic field. More precisely the crosssection at a fixed magnetic field is inversely proportional to the fourth power of the center-of-mass energy compared to the vacuum alone, where σ is inversely proportional to the square of the center-of-mass energy. However, for a fixed center-of-mass energy, the crosssection increases with the magnetic field.
On the other hand the e-µ scattering in lowest order for t-channel, i.e. e − µ − → e − µ − process also diverges like in vacuum but in the presence of strong magnetic field, the logarithmic divergence in vacuum disappears and the infrared divergence remains. As far as finite terms are concerned, the crosssection decreases faster like the s-channel. However, there is a negative term, which is independent of the center-of-mass energy and decreases with the magnetic field. The above observation is also found in Bhabha and Møller scattering in the strong magnetic field. The divergence in Bhabha scattering in vacuum arises at the lower limit of the incident angle whereas the same in the presence of strong magnetic field arises due to the lower limit of transverse momentum. However the above divergences in the presence and in the absence of strong magnetic field inter-related to each other and we have derived the relation among these two divergences geometrically so that we can compare the crosssections in both cases at the same footing.
However, the above mentioned processes have also been studied extensively up to higher-order in vacuum (i.e. in the absence of magnetic field), as a result the divergences appeared have been controlled by the higher-order corrections. For an example, the collinear divergence in the Bhabha scattering had been cured by adding the corrections to the tree-level vacuum result by the radiative corrections in Ref.
[21, and references therein], the O(α 3 ) corrections [22] , the O(α 4 )
corrections with the full mass dependence [10] etc., where the contributions from the higher-order diagrams have been calculated and the IR and UV divergences were regularized by the dimensional regularization scheme.
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A Matrix Element for electron-muon scattering: s-channel process
This appendix contains detailed calculation of the squared matrix element for the process e − e + → µ − µ + . We start with the matrix element for the Feynman diagram in Figure 2 :
In order to find the crosssection we have to take the square of the modulus of M and then sum over the spin states by factorizing into tensors at the electron (e) and muon (muon) vertex
where L µν e and L muon µν are given by
To calculate the complex conjugate of V (y B , k)γ ν U(y A , p), we start with the fact that it is a 1 × 1 matrix therefore its complex conjugate is equal to its hermitian conjugate,
where we have used some properties of gamma matrices like
where s and s ′ denote the spin states of electron and positron respectively.
To simplify L µν e , we begin with explicitly writing the above equation in terms of individual matrix elements, which tells us that the above equation is a 1 × 1 matrix. Therefore we can calculate L µν e by taking the trace of above equation. We then take the trace above equation and use the cyclic property of trace to form the completeness condition. Thus the above equation
where P V and P U are the spin sums of the positron and the electron, respectively [20, 19] . In strong magnetic field these spin sums are given by
where To further simplify L µν e in a convenient way, let us denote 
The coefficient of m in the above equation contains odd number of gamma matrices, hence their trace vanishes and the above equation becomes
Above equation contains two terms. We first simplify the first term Aγ µ Aγ ν and calculate its trace. Using the value of A = 1 − Σ z , we simplify the first term in the above equation as
where the fourth term (γ 1 γ 2 γ µ γ 1 γ 2 γ ν ) in the above equation can be further simplified, using the
Thus Aγ µ Aγ ν can be rewritten as
Using the trace properties like T r(γ
where g µ ⊥ ν is g µ ⊥ ν ⊥ = (0, −1, −1, 0). Therefore the above trace can be written as
The second term in (122) can be simplified as
The above equation have four terms. The trace of the first and the last terms is given by the
For the trace of second and third term in (125), which are the standard traces, but to compare these with each other, we first expand the terms and then calculate the traces. The second term in (125) can be simplified as
Now we calculate the trace of above equation, which is
where we use the trace property
for µ, ν, σ, λ an even permutation of 0,1,2,3, −1, for µ, ν, σ, λ an odd permutation of 0,1,2,3, 0, if two indices are same.
Similar to the second term, the third term in (125) can be simplified as
Thus the trace of above equation becomes
We can see that the trace of second and third term in (125) cancel each other. Now we substitute the trace value of first and fourth term in Eq-(125), which gives the trace of (125) as
To get the final form of L µν e , we substitute the value from (124) and (129) 
In a similar way the muonic vertex part can also be calculated as
Let us denote L µν e = (T µν + T µν ) and L muon µν = (R µν + R µν ), where
Therefore the spin summed squared matrix element (120) becomes,
where we neglect the mass of electron as well as the mass of muon because of the reason that we are working in the extreme relativistic limit. Each term in the above equation can be calculated as
Similarly the other terms can also be calculated as
Thus the spin summed matrix element becomes,
This can be rewritten using Mandelstam and Magnetic Mandelstam variables
B Cross term in Bhabha Scattering
We provide here the calculation of interference term of Bhabha scattering. We start from the matrix element for Bhabha scattering for s-and t-channel (figure 4 and 5)
Since the quantities in the square brackets are 1 × 1 matrices, we can rearrange them to form the completeness condition. Taking the sum over the spin states, the interference term, in the strong magnetic field limit, becomes
We further simplify the above equation by using the property
Using the property γ µ / a / bγ µ = 4a · b, the above equation can be further simplified
To simplify the above equation, we use some trace property of gamma matrices like T r(γ 5 / a / b) = 0 and T r(/ a / b) = 4a · b. Thus the above equation becomes
With the help of Mandelstam and magnetic Mandelstam variables, this can be further simplified We start from the differential crosssection for the process e − e + → µ − µ + (Figure 2 ) using the Eq-(86) with the matrix element (47)
In center-of-mass frame, p + k = 0, which also implies p \ y + k \ y = 0. 
In strong magnetic field d 3 P split into d 2 P ⊥ and dP z , where the integral over d 2 P ⊥ in strong magnetic field limit becomes 
In strong magnetic field, P ⊥ ∼ 0, so the particles are restricted to move in the direction of magnetic field. They can either move in +ve z direction or in −ve z direction. Accordingly the four momentum dot product can be written as :-p.k = E p E k − |p||k|, if p and k are in the same direction, E p E k + |p||k|, if p and k are in the opposite direction.
In extreme relativistic limit, first type of dot product is negligible compared to the second type of dot product. For θ = 0, θ is the scattering angle, the t variables in eq (47) are negligible as compared to all u variables and for θ = 180 the u variables are negligible as compared to all t variables.
Thus for the one-dimensional scattering at high energy for θ = 0 degree 
Let us denote |p| = |k| = p i and |P | = |K| = p f then E p = E k = E i and E K = E P = E f . Using
Thus for θ = 0 degree the square of the matrix element (which comes out to be same as for the 
and the flux factor for the collinear collision becomes
Threfore, using the expressions of F and |M| 2 , eq-(144) can be rewritten as
where the factor of 2 comes due to the fact that the value of spin averaged squared matrix element is same for P z ∈ [0, ∞) and P z ∈ (−∞, 0] which corresponds to θ = 0 and θ = 180 degree respectively.
Let us denote W = E P + E K which with the help of energy eigenvalue equation in the strong magnetic field limit becomes
therefore the derivative dW or dp f can be calculated as dW = p f W E P E K dp f , or, dp f = E 2 f p f W dW.
To solve the Dirac Delta function we substitute the value of dp f in (149 This appendix provides the calculation of the crosssection for the (e − µ − → e − µ − ) process. We start from the fact that the matrix element for t channel diagram has a pole at t = 0, which can be easily justified by observing the equations below and the pole is arrived due to the lower limit of P ⊥ , i.e. P ⊥ = 0 ( |P | = P Using E f = W/2 and E i = √ s/2, the above integral can be further simplified as To obtain the crosssection, we integrate over dW by using the property of Dirac Delta function.
Thus the above equation becomes .
Relation between the divergence of vacuum and magnetic field
Starting from the relation P ⊥ = P z tan θ, where P ⊥ is the momentum of the particle in the transverse direction, we can calculate
Let us denote cos θ = x, which simplify the above equation as 1 P
